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Abstract: This paper investigates the issue of adaptive optimal tracking control for nonlinear systems with dy-
namic state constraints. An asymmetric time-varying integral barrier Lyapunov function (ATIBLF) based integral
reinforcement learning (IRL) control algorithm with an actor–critic structure is first proposed. The ATIBLF items
are appropriately arranged in every step of the optimized backstepping control design to ensure that the dynamic
full-state constraints are never violated. Thus, optimal virtual/actual control in every backstepping subsystem is
decomposed with ATIBLF items and also with an adaptive optimized item. Meanwhile, neural networks are used
to approximate the gradient value functions. According to the Lyapunov stability theorem, the boundedness of all
signals of the closed-loop system is proved, and the proposed control scheme ensures that the system states are within
predefined compact sets. Finally, the effectiveness of the proposed control approach is validated by simulations.
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1 Introduction

With the demand for higher-performance con-
trol systems, nonlinear control methods have been
studied widely, such as backstepping control (Chen
et al., 2009), sliding-mode control (Li DY et al.,
2021), and finite-time control (Li DY et al., 2022).
Furthermore, significant meaningful research results
related to neural network (NN)/fuzzy logic system
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(FLS) based adaptive control methods have been
achieved. In particular, NNs/FLSs are usually
combined with backstepping control technology to
achieve better control performance (Li Y et al., 2004;
Chen et al., 2009). Nevertheless, it is quite challeng-
ing for these adaptive control strategies to achieve
the best performance specifications for nonlinear sys-
tems. How to achieve the control goal at a minimum
cost has become an urgent problem to be solved.

From an energy standpoint, optimization aims
to reduce energy expenditure. Optimal tracking
control has attracted the attention of many schol-
ars because of this optimization performance. For
nonlinear systems, it is hard to obtain the analyti-
cal solution of the Hamilton–Jacobi–Bellman (HJB)
equation directly, which makes it impossible to calcu-
late an optimal controller. For this reason, consider-
able effort has been devoted to developing algorithms
that approximately solve this equation, such as the
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methods of policy iteration (Vamvoudakis and Lewis,
2010) and function approximation (Bhasin et al.,
2013; Mohammadi et al., 2021). To avoid solving
the HJB equation directly, NNs are commonly used
to approximate its optimal solution. Nevertheless,
the above adaptive optimal control approaches can
be applied to only affine nonlinear systems. For the
nth-order strict-feedback systems, a simplified NN-
based optimized backstepping control method was
proposed to learn the virtual control signal in each
subsystem (Wen et al., 2020, 2021). An adaptive
optimized control scheme was developed by incorpo-
rating the actor–critic reinforcement learning (RL)
architecture into the backstepping framework (Liu
YC et al., 2022). Although the above adaptive opti-
mized control structure is suitably simple, the con-
straint requirement has not been considered. For
some practical systems, it is important to ensure
the realization of control objectives under a safety
guarantee.

In addition to optimization requirements, the
practical systems are normally subject to state con-
straints. Over the last few years, the barrier Lya-
punov function (BLF) has become an effective tool
for solving state constraint problems (Tee and Ge,
2012). BLF-based approaches can be employed to
address the problem of constraint with online real-
time immediate response. Some BLF-based adap-
tive control methods have been investigated consid-
ering state/output constraints (Su and Wan, 2020;
Mei et al., 2022; Wang et al., 2022a), where only
constant constraints were considered. Up to now,
many kinds of BLFs have been investigated to han-
dle state/output constraints, such as log-type BLFs
(Tee and Ge, 2012; Liu YJ et al., 2020), tangent-
type BLFs (Jin and Xu, 2014; Liu L et al., 2022),
and integral-type BLFs (IBLFs) (Tee and Ge, 2012;
Wei Y et al., 2021). The prescribed performance
control method also enables safe control by limit-
ing the error to a specified range so that the de-
sired tracking error is within a bounded region (Shen
et al., 2022; Xu et al., 2023). However, when the
error constraint is satisfied, it does not mean that
the state constraint is also satisfied. Compared with
the other two forms of BLFs, the IBLF-based con-
trol approaches can handle the problem of state con-
straints directly, and expand the feasible range of
the initial value of the constrained states. To handle
asymmetric state constraints, an asymmetric IBLF-

based control approach was developed (Liu BJ et al.,
2020). Time-varying IBLFs were proposed to ensure
the time-varying output constraints (Liu L et al.,
2021). State constraints may be asymmetric and
time-varying, and can be changed with six cases dy-
namically (Zhao et al., 2020). How to handle more
general dynamic state constraints using BLF-based
control methods directly is a problem worth study-
ing. A kind of asymmetric time-varying IBLF (AT-
IBLF) was constructed to deal with dynamic con-
straints, which can be used for only stabilization
cases (Zhang LL et al., 2023). It is worth noting
that the problem of tracking control with dynamic
constraints has not been studied, which is of general
significance.

How to ensure the optimal control performance
of nonlinear systems while preventing the states from
violating constraints has attracted many scholars’
research interest. A neuro-adaptive optimal state-
constrained control method was studied (Li YM
et al., 2022a). It is more challenging to ensure safety
performance in safety-critical systems of autonomous
vehicles using RL algorithms. Thus, optimal back-
stepping methods that include the BLF have been
studied to deal with the safe RL control problems
(Zhang YX et al., 2024a). A log-type BLF-based
optimal backstepping control method was designed
to ensure the safety performance of autonomous ve-
hicles (Zhang YX et al., 2024b). A log-type BLF-
based self-learning optimal tracking control scheme
was introduced for an unmanned surface vehicle by
Wang et al. (2022b). A tangent-type BLF-based op-
timal backstepping control method was designed to
prevent the nonlinear systems from being affected by
state constraints (Li YM et al., 2022b). However, the
above methods can neither handle state constraints
directly nor deal with more general dynamic con-
straints. It is important for nonlinear systems, like
autonomous vehicles and robots (Luo et al., 2023)
which are required to perform complex and variable
tasks, to have safe control performance in complex
obstacle scenarios, as this can improve their util-
ity while preventing injuries to operators or dam-
age to equipment. The IBLF-based optimal track-
ing control problem for two-link robotic systems has
been studied in Wei Y et al. (2023), but the nth-
order systems were not considered by the method-
ology, which motivates us to carry out the present
study.
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In this paper, the adaptive optimal tracking
control problem for nonlinear systems with dynamic
state constraints is investigated. In the framework
of actor–critic networks, the ATIBLF-based adap-
tive neural optimal backstepping control approach
is proposed to optimize the overall system control
while ensuring that the system state does not violate
constraints. The main contributions are outlined as
follows:

1. An ATIBLF-based adaptive optimal tracking
control scheme for strict-feedback nonlinear systems
is first proposed. In contrast with existing BLF-
based studies (Li YM et al., 2022a; Zhang YX et al.,
2024b), the proposed method can handle dynamic
state constraints directly without error transforma-
tion, and the feasible region of the initial state value
can be expanded.

2. Different from existing traditional ATIBLF-
based studies (Liu L et al., 2021; Zhang LL et al.,
2023), the ATIBLF items are appropriately arranged
in every step of the optimized backstepping control
design. The integral-type barrier optimal cost func-
tions are first constructed for subsystems. Under the
actor–critic framework, the ATIBLF-based optimal
virtual and actual controllers are presented.

Notations: R indicates the set of all real num-
bers. R

i and R
n are the spaces of real i-vectors and

n-vectors, respectively. Ω ∈ R
n denotes a compact

set that contains the origin. “sup” and “inf” are the
least upper bound and greatest lower bound, respec-
tively, of a set of real numbers. N+ is the set of all
positive integers. min

1≤i≤n
{·} represents the minimum

value of any element in a set.

2 Problem formulation

2.1 System description

Consider the following nonlinear dynamics:
⎧
⎪⎪⎨

⎪⎪⎩

ẋi = fi(x̄i) + gi(x̄i)xi+1, 1 ≤ i ≤ n− 1,

ẋn = fn(x̄n) + gn(x̄n)u,

y = x1,

(1)

where x̄i = [x1, x2, ..., xi]
T ∈ R

i and x̄n ∈ R
n are

the system state vectors, and u ∈ R and y ∈ R

denote the system input and output respectively.
fi(x̄i) : R

i → R and gi(x̄i) : R
i → R (i = 1, 2, ..., n)

are smooth functions; at the same time, the former

is bounded. Assume that fn(x̄n) + gn(x̄n)u is Lip-
schitz continuous on the set Ω, which contains the
origin so that for system input u and bounded initial
state xi(0), system (1) has a unique solution. More-
over, to satisfy the condition that the whole system
is asymptotically stable, it is required that there ex-
ists continuous input u and that system (1) is also
stable on Ω.

The control objectives of this study are to de-
sign an adaptive optimal controller u under dynamic
state constraints and to ensure that the following
propositions hold:
Proposition 1 The system output y can track the
desired reference trajectory yd accurately while en-
suring that the tracking error is uniformly ultimately
bounded, and that all signals of the closed-loop sys-
tem are bounded.
Proposition 2 The dynamic full-state constraints
are never violated; i.e., the states satisfy xi ∈ Ri

(Ri = {xi ∈ R : −kai(t) < xi < kbi(t)}, i = 1, 2, ...,

n), where kai(t) and kbi(t) are known positive time-
varying differentiable constraints, and −kai(t) and
kbi(t) represent the lower and upper bounds of xi,
respectively. kai(t) and kbi(t) are replaced by kai
and kbi in the later analysis.
Assumption 1 All state variables are available for
the optimal controller design, and the initial states
satisfy xi(0) ∈ Ri (i = 1, 2, ..., n).
Assumption 2 (Liu BJ et al., 2020) The de-
sired trajectory vector (yd, ẏd, ÿd)

T ∈ Ωd is avail-
able and continuous within a known compact set
Ωd = {y2d + ẏ2d + ÿ2d ≤ A} ⊂ R

3, where A > 0 in-
dicates a known constant. Furthermore, there exist
two unknown functions kA1(t) and kB1(t) satisfying
−ka1(t) < −kA1(t) < yd < kB1(t) < kb1(t), ∀t ≥ 0.
Assumption 3 (Zhang LL et al., 2023) The
smooth function gi(x̄i) (i = 1, 2, ..., n) is known, and
there exist the known continuous function ḡi(x̄i) and
unknown positive constants g

i
and ḡi such that 0 <

g
i
≤ gi(x̄i) ≤ ḡi(x̄i) ≤ ḡi < ∞ for all t ≥ 0. For

generality, it is assumed that gi(x̄i) is positive for
−kai < xi < kbi.
Assumption 4 The virtual signal αi−1 (i = 2,

3, . . . , n) is a continuously differentiable function.
There exist two unknown functions kli(t) and kui(t)

satisfying −kai(t) < −kli(t) < αi−1 < kui(t) <

kbi(t), ∀t ≥ 0.
Remark 1 Notice that Assumption 1 is often used
in the adaptive state-constrained controller design of
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strict-feedback systems. Assumption 2 is a sufficient
condition that makes the control method effective.
Assumption 3 indicates that the control gain func-
tions gi(x̄i) are bounded. Assumption 4 denotes a
feasibility condition that the virtual signals should
be maintained.

2.2 Radial basis function (RBF) neural
networks

Define a continuous function f(x) on the
compact set D. Hence, there exists f(x) =

(W ∗)Tϕ(x) + ε, where x ∈ R
n denotes the in-

put vector, n ∈ N+, ε denotes the approxima-
tion error, and W ∗ is regarded as the value of
W that minimizes |ε| (i.e., the ideal weight vec-
tor). W ∈ R

r denotes the weight vector, and
ϕi(x) (i = 1, 2, ..., r) denotes the kernel function sat-
isfying ϕi(x) = exp(−(x − ci)

T(x − ci)/b
2
i ) with r

denoting the number of nodes, and ci ∈ R
n and bi

denoting the NNs’ center vector and width, respec-
tively. The following equation can thus be derived:

W ∗ = arg min
W∈Rr

{
supx∈D|f(x)−WTϕ(x)|} , (2)

where for any constant ε̄ > 0 there is |ε| < ε̄.

3 Adaptive optimal constrained con-
troller design

A block diagram of the designed adaptive neu-
ral optimal control scheme is shown in Fig. 1. In
each step, a learning algorithm is implemented via
an actor–critic network architecture, which is used
to construct adaptive laws. The ATIBLF items are

appropriately arranged in every subsystem of the op-
timized backstepping control design to ensure that
all states do not violate the dynamic constraints.

Before the controller design process, the follow-
ing ATIBLF is introduced to handle dynamic state
constraints:

V z
i =

∫ zi

0

δ(kai + kbi)
2

(kai + δ + αi−1)(kbi − δ − αi−1)
dδ, (3)

where α0 = yd, and αi−1 (i = 2, 3, . . . , n) is the vir-
tual controller to be designed. V z

i is positive-definite
and continuously differentiable within constraints.
Then, the following lemma about the ATIBLF can
be obtained:
Lemma 1 (Liu BJ et al., 2020) By choosing
the ATIBLF candidate V z

i , the following inequality
holds:

1

2
z2i ≤ V z

i ≤ Φiz
2
i , (4)

where Φi =
(kai + kbi)

2

(kai + zi + αi−1)(kbi − zi − αi−1)
.

Remark 2 In the controller design process, the
optimal controller and control law are designed by
introducing error variables. The error variables
are aimed at obtaining better trajectory-tracking
performance rather than dealing with constraints.
Whether the states violate constraints is not affected
by the error variables. The constraint violation de-
pends on the system states, not the tracking errors.

Step 1: The tracking error is defined as z1 =

x1 − yd. Then, the time derivative of z1 is

ż1 = f1(x1) + g1(x1)x2 − ẏd. (5)

Define the optimal performance index function

ATIBLF for the
z1-subsystem

ATIBLF for the
zn-subsystem

ATIBLF for the
z2-subsystem

yd
z1

x1

α1 α2+

z2

x2

+

zn

xn
+

Critic NN 1 Critic NN 2 Critic NN n

u

Actor NN 1 Actor NN 2

Strict-feedback
nonlinear system

Actor NN n

... ...

...

...

αn 1

xn�( kan, kbn)

x2�( ka2, kb2)

x1�( ka1, kb1)

Fig. 1 Block diagram of the designed constrained control scheme (NN: neural network; ATIBLF: asymmetric
time-varying integral barrier Lyapunov function)
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for the z1-subsystem as follows:

J∗
1 (z1) = min

α1∈Ψ(Ωz1)

(∫ ∞

t

q1(z1(τ), α1(z1))dτ

)

=

∫ ∞

t

q1(z1(τ), α
∗
1(z1))dτ,

(6)

where q1(z1, α∗
1) = q1V

z
1 +(α∗

1(z1))
2 is the cost func-

tion, α∗
1(z1) is the ideal virtual controller, q1 is a

design parameter, Ωz1 denotes a compact set con-
taining the initial state, and Ψ(Ωz1) is the admissible
control set of α1.

The function J∗
1 (z1) can be split into two parts:

the term J0
1 (z1) to be approximated and the other

term which is already known. The term ∂J∗
1 (z1)/∂z1

is decomposed as

∂J∗
1 (z1)

∂z1

=
2

g21(x1)

[

f1(x1) + η1Φ1z1 + k1z1 +
k̇a1
Φ1

·
(

I1 +
ka1 + kb1

ka1 + z1 + yd

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd

−Q1

)

+
ẏd
Φ1

Ψ1 +
∂J0

1 (z1)

∂z1

]

,

(7)
where k1 > 0 and η1 > 0 are constants, J0

1 (z1) is a
scalar-value continuous function, and the expressions
of I1, Q1, and Ψ1 are given in the supplementary
materials.

For optimal controller design purposes, the fol-
lowing property is given:
Property 1 Functions I1, Q1, and Ψ1 are well
defined in the neighborhood of z1 = 0.

The proof is given in the supplementary
materials.

Based on Eqs. (5) and (7), the HJB equation of
the z1-subsystem is as follows:

H1

(

z1, α
∗
1,

∂J∗
1 (z1)

∂z1

)

=q1V
z
1 + (α∗

1(z1))
2 +

2

g21(x1)

[
∂J0

1 (z1)

∂z1
+ f1(x1)

+ η1Φ1z1 + k1z1 +
k̇a1
Φ1

(
ka1 + kb1

ka1 + z1 + yd
+ I1

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd
−Q1

)

+
ẏd
Φ1

Ψ1

]

· (f1(x1) + g1(x1)α
∗
1(z1)− ẏd)

=0.

(8)

The ideal virtual controller α∗
1 can be given by solv-

ing ∂H1/∂α
∗
1 = 0:

α∗
1 =− 1

g1(x1)

[
∂J0

1 (z1)

∂z1
+ f1(x1) + η1Φ1z1

+ k1z1 +
k̇a1
Φ1

(
ka1 + kb1

ka1 + z1 + yd
+ I1

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd
−Q1

)

+
ẏd
Φ1

Ψ1

]

,

(9)

where ∂J0
1 (z1)/∂z1 is unknown and can be approxi-

mated by NNs as follows:

∂J0
1 (z1)

∂z1
= (W ∗

1 )
Tϕ1(z1) + ε1(z1), (10)

where W ∗
1 denotes the ideal weight vector and

ϕ1(z1) is the kernel function vector. ε1(z1) indicates
the approximation error, and |ε1(z1)| ≤ ζ̄1 holds with
ζ̄1 > 0 denoting a bounded constant.

Substituting Eq. (10) into Eq. (9), the gradient
term ∂J∗

1 (z1)/∂z1 and α∗
1 can be obtained as follows:

∂J∗
1 (z1)

∂z1

=
2

g21(x1)

[

f1(x1) + η1Φ1z1 + k1z1 +
k̇a1
Φ1

·
(

I1 +
ka1 + kb1

ka1 + z1 + yd

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd

−Q1

)

+
ẏd
Φ1

Ψ1

]

+
2

g21(x1)

[

(W ∗
1 )

Tϕ1(z1)

+ ε1(z1)

]

,

(11)

α∗
1 =− 1

g1(x1)

[

(W ∗
1 )

Tϕ1(z1) + ε1(z1) + f1(x1)

+ η1Φ1z1 + k1z1 +
k̇a1
Φ1

(
ka1 + kb1

ka1 + z1 + yd
+ I1

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd
−Q1

)

+
ẏd
Φ1

Ψ1

]

.

(12)

Note that W ∗
1 is unknown. Thus, it is approxi-

mated by the estimation vector Ŵc1 in the critic
NNs based on the RL technique, and approximated
by Ŵa1 in the actor NNs. The following equations
can be obtained:

∂Ĵ0
1 (z1)

∂z1
= ŴT

c1ϕ1(z1), (13)
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α̂1 =− 1

g1(x1)

[

ŴT
a1ϕ1(z1) + f1(x1) + η1Φ1z1

+ k1z1 +
k̇a1
Φ1

(
ka1 + kb1

ka1 + z1 + yd
+ I1

)

− k̇b1
Φ1

·
(

ka1 + kb1
kb1 − z1 − yd

−Q1

)

+
ẏd
Φ1

Ψ1

]

.

(14)
To reduce the complexity of variable terms in the
design process, define

P1 =f1(x1) + η1Φ1z1 + k1z1

+
k̇a1
Φ1

(
ka1 + kb1

ka1 + z1 + yd
+ I1

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd
−Q1

)

+
ẏd
Φ1

Ψ1.

The approximate HJB equation is given as

H1

(

z1, α̂1,
∂Ĵ0

1 (z1)

∂z1

)

=q1V
z
1 +

[
1

g1(x1)

(
ŴT

a1ϕ1(z1) + P1

)
]2

+
2

g21(x1)

[
ŴT

c1ϕ1(z1) + P1

]

·
[

f1(x1)− ŴT
a1ϕ1(z1)− P1 − ẏd

]

.

(15)

The approximate error of Hamiltonian is defined as

E1 = H1

(

z1, α̂1,
∂Ĵ0

1 (z1)

∂z1

)

−H1

(

z1, α
∗
1,

∂J∗
1 (z1)

∂z1

)

= H1

(

z1, α̂1,
∂Ĵ0

1 (z1)

∂z1

)

.

(16)
To minimize E1, its positive-definite function is de-
fined as

Ẽ1(t) =
1

2(ωT
1 ω1 + 1)

E2
1(t), (17)

where ω1 = ϕ1(z1)

[

f1(x1)− ŴT
a1ϕ1(z1)−P1 − ẏd

]

.

The following weight-updating law of critic NNs
is derived:

˙̂
Wc1(t) =− ξc1

∂Ẽ1(t)

∂Ŵc1

=− ξc1
ω1

ωT
1 ω1 + 1

E1(t)

=− ξc1
ω1

ωT
1 ω1 + 1

[

q1V
z
1 +

2

g21(x1)
ωT

1 Ŵc1

− P 2
1

g21(x1)
+

1

g21(x1)
ŴT

a1ϕ1(z1)ϕ
T
1 (z1)

· Ŵa1 +
2P1

g21(x1)
(f1(x1)− ẏd)

]

,

(18)

where ξc1 > 0 is a design parameter.
Accordingly, the weight-updating law of actor

NNs is designed as follows:

˙̂
Wa1(t) =q1Φ1z1ϕ1(z1)− ξa1ϕ1(z1)ϕ

T
1 (z1)Ŵa1

+
ξc1

g21(x1)(ωT
1 ω1 + 1)

ϕ1(z1)

·ϕT
1 (z1)Ŵa1ω

T
1 Ŵc1,

(19)
where ξa1 > 0 is a parameter.

Step i (2 ≤ i ≤ n − 1): Define the tracking
error as zi = xi − α̂i−1, where α̂i−1 is the virtual
controller to be approximated. The error dynamics
for the zi-subsystem is

żi = fi(xi) + gi(xi)xi+1 − ˙̂αi−1. (20)

Define the optimal performance index function for
the zi-subsystem as follows:

J∗
i (zi) = min

αi∈Ψ(Ωzi
)

(∫ ∞

t

qi
(
zi(τ), αi(zi)

)
dτ

)

=

∫ ∞

t

qi
(
zi(τ), α

∗
i (zi)

)
dτ, (21)

where qi(zi, α
∗
i ) = qiV

z
i + (α∗

i (zi))
2 denotes the cost

function, α∗
i (zi) is the ideal optimal virtual con-

troller, qi >> 0 is a parameter, and Ωzi denotes
a compact set containing the initial state.

The function J∗
i (zi) can be split into two parts:

the term J0
i (zi) to be approximated and the other

term which is already known. Term ∂J∗
i (zi)/∂zi is

decomposed as

∂J∗
i (zi)

∂zi

=
2

g2i (xi)

[

fi(xi) + ηiΦizi + kizi +
k̇ai
Φi

(

Ii

+
kai + kbi

kai + zi + αi−1

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi +

gi−1(xi−1)Φi−1

Φi
zi−1 +

∂J0
i (zi)

∂zi

]

,

(22)
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where ki > 0 and ηi > 0 are constants, and J0
i (zi) is

a scalar-value continuous function. The expressions
of Ii, Qi, and Ψi are similar to those in step 1.

Based on Eqs. (20) and (22), the HJB equation
of the zi-subsystem is given as follows:

Hi

(

zi, α
∗
i ,

∂J∗
i (zi)

∂zi

)

=qiV
z
i + (α∗

i (zi))
2 +

2

g2i (xi)

[
∂J0

i (zi)

∂zi
+ fi(xi)

+ ηiΦizi + kizi +
k̇ai
Φi

(
kai + kbi

kai + zi + αi−1
+ Ii

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi +

gi−1(xi−1)

Φi

· Φi−1zi−1

] (
fi(xi) + gi(xi)α

∗
i (zi)− ˙̂αi−1

)

=0.

(23)
The optimal virtual controller α∗

i can be obtained:

α∗
i =− 1

gi(xi)

[
∂J0

i (zi)

∂zi
+ fi(xi) + ηiΦizi + kizi

+
k̇ai
Φi

(
kai + kbi

kai + zi + αi−1
+ Ii

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi +

gi−1(xi−1)Φi−1

Φi
zi−1

]

,

(24)
where ∂J0

i (zi)/∂zi is unknown and can be approxi-
mated by NNs as follows:

∂J0
i (zi)

∂zi
= (W ∗

i )
Tϕi(zi) + εi(zi), (25)

where W ∗
i represents the ideal weight vector and

ϕi(zi) denotes the kernel function vector. εi(zi) in-
dicates the approximation error, and |εi(zi)| ≤ ζ̄i
holds with ζ̄i > 0 denoting a bounded constant.

Substituting Eq. (25) into Eq. (24), the gradient
term ∂J∗

i (zi)/∂zi and α∗
i can be obtained as follows:

∂J∗
i (zi)

∂zi

=
2

g2i (xi)

[

fi(xi) + ηiΦizi + kizi

+
k̇ai
Φi

(

Ii +
kai + kbi

kai + zi + αi−1

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi +

gi−1(xi−1)Φi−1

Φi
zi−1

]

+
2

g2i (xi)

[

(W ∗
i )

Tϕi(zi) + εi(zi)

]

,

(26)

α∗
i =− 1

gi(xi)

[

(W ∗
i )

Tϕi(zi) + εi(zi) + fi(xi)

+ ηiΦizi + kizi +
k̇ai
Φi

(
kai + kbi

kai + zi + αi−1
+ Ii

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi

+
gi−1(xi−1)

Φi
Φi−1zi−1

]

.

(27)
Note that W ∗

i is unknown. Likewise, W ∗
i can be

estimated by Ŵci in the critic NNs and be estimated
by Ŵai in the actor NNs. The following equations
can be given:

∂Ĵ0
i (zi)

∂zi
= ŴT

ciϕi(zi), (28)

α̂i =− 1

gi(xi)

[

ŴT
aiϕi(zi) + fi(xi) + ηiΦizi

+ kizi +
k̇ai
Φi

(
kai + kbi

kai + zi + αi−1
+ Ii

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi

+
gi−1(xi−1)Φi−1

Φi
zi−1

]

.

(29)
Similar to step 1, define

Pi =fi(xi) + ηiΦizi + kizi

+
k̇ai
Φi

(
kai + kbi

kai + zi + αi−1
+ Ii

)

− k̇bi
Φi

(
kai + kbi

kbi − zi − αi−1
−Qi

)

+
α̇i−1

Φi
Ψi +

gi−1(xi−1)Φi−1

Φi
zi−1.

Then, the approximate HJB equation can be simpli-
fied as

Hi

(

zi, α̂i,
∂Ĵ0

i (zi)

∂zi

)

=qiV
z
i +

[
1

gi(xi)

(
ŴT

aiϕi(zi) + Pi

) ]2
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+
2

g2i (xi)

[

ŴT
ciϕi(zi) + Pi

][

fi(xi)

− ŴT
aiϕi(zi)− Pi − ˙̂αi−1

]

.

(30)

The approximate error of Hamiltonian is defined as

Ei = Hi

(

zi, α̂i,
∂Ĵ0

i (zi)

∂zi

)

−Hi

(

zi, α
∗
i ,

∂J∗
i (zi)

∂zi

)

= Hi

(

zi, α̂i,
∂Ĵ0

i (zi)

∂zi

)

.

(31)
To minimize Ei, its positive-definite function is de-
fined as

Ẽi(t) =
1

2(ωT
i ωi + 1)

E2
i (t), (32)

where ωi = ϕi(zi)

[

fi(xi)− ŴT
aiϕi(zi)−Pi − ˙̂αi−1

]

.

Similarly, the following weight-updating law of
critic NNs is derived as

˙̂
Wci(t) =− ξci

∂Ẽi(t)

∂Ŵci

=− ξci
ωi

ωT
i ωi + 1

Ei(t)

=− ξci
ωi

ωT
i ωi + 1

[

qiV
z
i +

2

g2i (xi)
ωT

i Ŵci

− P 2
i

g2i (xi)
+

1

g2i (xi)
ŴT

aiϕi(zi)ϕ
T
i (zi)

· Ŵai +
2Pi

g2i (xi)

(
fi(xi)− ˙̂αi−1

)]

,

(33)
where ξci > 0 is a parameter.

Accordingly, the weight-updating law of actor
NNs is designed as follows:

˙̂
Wai(t) =qiΦiziϕi(zi)− ξaiϕi(zi)ϕ

T
i (zi)Ŵai

+
ξci

g2i (xi)(ωT
i ωi + 1)

ϕi(zi)ϕ
T
i (zi)

· Ŵaiω
T
i Ŵci,

(34)

where ξai > 0 is a constant.
Step n: Define the tracking error as zn = xn −

α̂n−1. The error dynamics for the zn-subsystem is

żn = fn(xn) + gn(xn)u− ˙̂αn−1. (35)

Define the optimal performance index function for

the zn-subsystem as follows:

J∗
n(zn) = min

u∈Ψ(Ωzn)

(∫ ∞

t

qn (zn(τ), u(zn)) dτ

)

=

∫ ∞

t

qn (zn(τ), u
∗(zn)) dτ,

(36)
where qn(zn, u

∗) = qnV
z
n + (u∗)2 denotes the cost

function, u∗ is the ideal optimal actual controller, qn
is a design parameter, and Ωzn denotes a compact
set containing the initial state.

The function J∗
n(zn) can be split into two parts:

the term J0
n(zn) to be approximated and the other

term which is already known. Term ∂J∗
n(zn)/∂zn is

decomposed as

∂J∗
n(zn)

∂zn

=
2

g2n(xn)

[

fn(xn) + ηnΦnzn + knzn

+
k̇an
Φn

(

In +
kan + kbn

kan + zn + αn−1

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn

+
gn−1(xn−1)Φn−1

Φn
zn−1 +

∂J0
n(zn)

∂zn

]

,

(37)
where kn > 0 and ηn > 0 are constants, and J0

n(zn) is
a scalar-value continuous function. The expressions
of In, Qn, and Ψn are similar to those in step 1.

The HJB equation of the zn-subsystem is given
as follows:

Hn

(

zn, u
∗,

∂J∗
n(zn)

∂zn

)

=qnV
z
n + (u∗)2 +

2

g2n(xn)

[
∂J0

n(zn)

∂zn
+ fn(xn)

+ ηnΦnzn + knzn +
k̇an
Φn

(
kan + kbn

kan + zn + αn−1

+ In

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn +

gn−1(xn−1)

Φn
Φn−1zn−1

]

·
(
fn(xn) + gn(xn)u

∗ − ˙̂αn−1

)

=0.

(38)

The ideal optimal controller u∗ can be given by
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solving ∂Hn/∂u
∗ = 0:

u∗ =− 1

gn(xn)

[
∂J0

n(zn)

∂zn
+ fn(xn) + ηnΦnzn

+ knzn +
k̇an
Φn

(
kan + kbn

kan + zn + αn−1
+ In

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn

+
gn−1(xn−1)Φn−1

Φn
zn−1

]

,

(39)
where ∂J0

n(zn)/∂zn is unknown and can be approxi-
mated by NNs as follows:

∂J0
n(zn)

∂zn
= (W ∗

n )
Tϕn(zn) + εn(zn), (40)

where W ∗
n represents the ideal weight vector and

ϕn(zn) denotes the kernel function vector. εn(zn)

indicates the approximation error, and |εn(zn)| ≤ ζ̄n
holds with ζ̄n > 0 denoting a bounded constant.

Substituting Eq. (40) into Eq. (39), the gradient
term ∂J∗

n(zn)/∂zn and u∗ can be obtained as follows:

∂J∗
n(zn)

∂zn

=
2

g2n(xn)

[

fn(xn) + ηnΦnzn + knzn

+
k̇an
Φn

(

In +
kan + kbn

kan + zn + αn−1

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn

+
gn−1(xn−1)Φn−1

Φn
zn−1

]

+
2

g2n(xn)

·
[

(W ∗
n )

Tϕn(zn) + εn(zn)

]

,

(41)

u∗ =− 1

gn(xn)

[

(W ∗
n )

Tϕn(zn) + εn(zn) + fn(xn)

+ ηnΦnzn + knzn +
k̇an
Φn

(
kan + kbn

kan + zn + αn−1

+ In

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn +

gn−1(xn−1)Φn−1

Φn
zn−1

]

.

(42)
Note that W ∗

n is unknown. W ∗
n can be estimated by

Ŵcn in the critic NNs and be estimated by Ŵan in
the actor NNs. The following equations can thus be

given:
∂Ĵ0

n(zn)

∂zn
= ŴT

cnϕn(zn), (43)

u =− 1

gn(xn)

[

ŴT
anϕn(zn) + fn(xn) + ηnΦnzn

+ knzn +
k̇an
Φn

(
kan + kbn

kan + zn + αn−1
+ In

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn

+
gn−1(xn−1)Φn−1

Φn
zn−1

]

.

(44)
Define

Pn =fn(xn) + ηnΦnzn + knzn

+
k̇an
Φn

(
kan + kbn

kan + zn + αn−1
+ In

)

− k̇bn
Φn

(
kan + kbn

kbn − zn − αn−1
−Qn

)

+
α̇n−1

Φn
Ψn +

gn−1(xn−1)Φn−1

Φn
zn−1.

The approximate HJB equation can be simplified as

Hn

(

zn, u,
∂Ĵ0

n(zn)

∂zn

)

=qnV
z
n +

[
1

gn(xn)

(
ŴT

anϕn(zn) + Pn

)]2

+
2

g2n(xn)

[

ŴT
cnϕn(zn) + Pn

][

fn(xn)

− ŴT
anϕn(zn)− Pn − ˙̂αn−1

]

.

(45)

The approximate error of Hamiltonian is defined as

En = Hn

(

zn, u,
∂Ĵ0

n(zn)

∂zn

)

−Hn

(

zn, u
∗,

∂J∗
n(zn)

∂zn

)

= Hn

(

zn, u,
∂Ĵ0

n(zn)

∂zn

)

.

(46)
To minimize En, its positive-definite function is de-
fined as

Ẽn(t) =
1

2(ωT
nωn + 1)

E2
n(t), (47)

where

ωn = ϕn(zn)

[

fn(xn)− ŴT
anϕn(zn)− Pn − ˙̂αn−1

]

.
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Similarly, the following weight-updating law of
critic NNs is derived:

˙̂
Wcn(t) =− ξcn

∂Ẽn(t)

∂Ŵcn

=− ξcn
ωn

ωT
nωn + 1

En(t)

=− ξcn
ωn

ωT
nωn + 1

[

qnV
z
n +

2

g2n(xn)
ωT

nŴcn

− P 2
n

g2n(xn)
+

1

g2n(xn)
ŴT

anϕn(zn)ϕ
T
n (zn)

· Ŵan +
2Pn

g2n(xn)

(
fn(xn)− ˙̂αn−1

) ]

,

(48)
where ξcn > 0 is the learning rate.

Accordingly, the weight-updating law of actor
NNs is obtained as follows:

˙̂
Wan(t) =qnΦnznϕn(zn)− ξanϕn(zn)ϕ

T
n (zn)

· Ŵan +
ξcn

g2n(xn)(ωT
nωn + 1)

ϕn(zn)

·ϕT
n (zn)Ŵanω

T
nŴcn,

(49)

where ξan > 0 is a parameter.
Remark 3 By using ATIBLF, the dynamic state
constraint can be handled directly. It can be seen
from Eqs. (14), (29), and (44) that the designed
ATIBLF-based optimal controller leads to a differ-
ent design process from other adaptive optimal con-
strained control approaches (Li YM et al., 2022b;
Wang et al., 2022b; Zhang YX et al., 2024b).
Remark 4 The gradient of the optimal cost func-
tion is designed and the term ATIBLF with respect
to the time derivative is considered in the gradient of
cost function, which gives the optimal cost function
indirectly. It is difficult to design the actor–critic
adaptive updating weights with IBLF. By introduc-
ing terms qiV z

i and Pi, the actor–critic adaptive law
is designed to ensure the convergence of the closed-
loop system. In the supplementary materials, we
show that all signals of the closed-loop system are
bounded, as well as theoretical support for the adap-
tive optimal control method for nonlinear systems
with dynamic constraints.

4 Stability analysis

Theorem 1 Considering the nonlinear sys-
tem (1) with dynamic state constraints, assuming
that Assumptions 1–4 hold, then the optimal virtual

controllers (14), (29) and the optimal actual con-
troller (44), together with the weight adaptive laws
of the critic NNs (18), (33), (48), and those of the ac-
tor NNs (19), (34), (49) can ensure that the following
conclusions hold:

(1) all the closed-loop signals are bounded;
(2) all state variables are ensured not to violate

the preselected constrained sets.
The proof is given in the supplementary

materials.
Remark 5 From inequalities (S48) and (S49) in the
supplementary materials, we can get some guidance
on how to choose the control parameters. To have
smaller tracking errors, we need to enlarge c while re-
ducing η. Thus, we can choose large ki and small ξai.
It is worth noting that a smaller qi reduces η but not
necessarily the tracking error, the reason being that
qi in d is weaker than the reduction in

∑n
i=1 qikiΦiz

2
i

in inequality (S48), and −∑n
i=1 qikiΦiz

2
i becomes

larger despite the reduction in d. However, it can be
concluded from inequalities (S19), (S32), and (S45)
that by increasing ηi, a smaller tracking error can
be obtained. Furthermore, the energy cost will be-
come higher with the increase of control parameter
values. Therefore, appropriate and reasonable con-
trol parameters need to be selected to obtain better
control performance.

5 Simulation studies

In this section, two simulation examples are
given to verify the effectiveness of the proposed con-
trol scheme. Comparative simulations of different
control methods for the same control parameters are
given in Example 1, and comparative simulations
with different control parameters for the same con-
trol methods are given in Example 2.

5.1 Example 1

We consider a pendulum system as follows:

mlθ̈ = −mg sin θ − klθ̈ +
τ

l
, (50)

where θ is the angle subtended by the rod and the
vertical axis through the pivot point, and τ is the
torque applied to the pendulum. The values of pa-
rameters m, g, k, and l can be referred to Wei QL
et al. (2016). Let x1 = θ and x2 = θ̇. Then, Eq. (50)
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can be written as
⎧
⎨

⎩

ẋ1 = x2,

ẋ2 = f(x) +
1

ml2
u,

(51)

where x1 and x2 denote the system states, u is the
control input, and f(x) = −(g/l) sinx1 − (k/m)x2 is
a known function.

In the simulations, the initial values are set as
x1(0) = π/10, x2(0) = π/10, u(0) = 0; the de-
sign parameters are selected as k1 = 5, k2 = 5,
ξc1 = 2, ξa1 = 20, ξc2 = 2, ξa2 = 20. The de-
sired trajectory is described by yd = 0.4 sin (0.4t) +

0.2 cos (0.5t). The control constraints are given as
ka1 = π/6 + 0.2 sin (0.5t), kb1 = π/6 + 0.4 sin (0.4t),
ka2 = π/3 + 0.2 sin (0.5t), kb2 = π/3 + 0.4 sin (0.4t).
The initial values of the updating laws for actor–
critic NNs are selected as Ŵc1(0) = Ŵa1(0) =

Ŵc2(0) = Ŵa2(0) = 02000×201, and the width of
the Gaussian kernel function is 8. The simulation
time is t = 20 s.

An ATIBLF-based traditional backstepping
control (ATIBLF-TBC) method with the same con-
straint conditions and design parameters is selected
for comparison without considering optimal learn-
ing. The ATIBLF-TBC being compared is given as
follows:

α1 =−
[

k1z1 +
k̇a1
Φ1

(
ka1 + kb1

ka1 + z1 + yd
+ I1

)

− k̇b1
Φ1

(
ka1 + kb1

kb1 − z1 − yd
−Q1

)

+
ẏd
Φ1

Ψ1

]

,

(52)

u =−ml2
[

k2z2+
z2(ka1+kb1)

2(ka2−x2)(kb2+x2)

(ka2+kb2)2(ka1−x1)(kb1+x1)

+ f(x)− α̇1 +
z2(ka1 + kb1)

2

(ka1 + x1)(kb1 − x1)

]

.

(53)
The simulation results are presented in Figs. 2–

5. In the figures, the designed ATIBLF-based
adaptive optimal control approach is abbreviated
as ATIBLF-OBC. Fig. 2 illustrates the trajectories
of the system state and the tracking error. Com-
pared with ATIBLF-TBC, the proposed method has
a smaller tracking error. Figs. 2 and 3 illustrate that
the dynamic constraints of the states are never vio-
lated. Fig. 4 presents the trajectory of the optimal
actual control law. The trajectories of weights of
actor–critic NNs are shown in Fig. 5. As shown in
Figs. 2–5, all signals in the closed-loop system are
bounded.
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Fig. 2 Trajectories of x1 and tracking error z1 in
Example 1 (References to color refer to the online
version of this figure)
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Fig. 3 Trajectories of x2 and virtual control law α1

in Example 1 (References to color refer to the online
version of this figure)

5.2 Example 2

We consider a one-link robot system as follows
(Zhang HG et al., 2021):

{
Dq̈ +Bq̇ +N sin q = τ,

Mτ̇ +Hτ = U −Kmq̇,
(54)

where q, q̇, and q̈ represent the link position, ve-
locity, and acceleration respectively, τ is the torque
produced by the electrical subsystem, and U is the
control input used to indicate the electromechanical
torque. D, B, N , M , H , and Km represent the me-
chanical inertia, the coefficient of viscous friction at
the joint, a positive constant related to the mass of
the load and the coefficient of gravity, the armature
inductance, the armature resistance, and the back-
electromotive force (back-EMF) coefficient respec-
tively, and satisfyD = 1 kg ·m2, B = 1N ·m · s/rad,
N = 10, M = 0.05, H = 0.5 Ω, Km = 10 N ·m ·A.
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Let x1 = q, x2 = q̇, and x3 = τ , system (54) can
be transformed into the following form:

⎧
⎪⎪⎨

⎪⎪⎩

ẋ1 = x2,

ẋ2 = x3 + f2(x),

ẋ3 = u+ f3(x),

(55)

where f2(x) = −B

D
x2 − N

D
sinx1 + sinx2 cosx3 and

f3(x) = −Km

M
x2 − H

M
x3.

The desired trajectory is described by yd =

0.4 sin (0.4t) + 0.2 cos (0.5t). The control constraints
are given as ka1 = π/3 + 0.2 cos (0.5t), kb1 =

π/3 + 0.2 sin (0.8t), ka2 = π/3 + 0.2 sin (0.5t), kb2 =

π/3 + 0.2 sin (0.8t), ka3 = 2π + 0.2 cos (0.5t), kb3 =

3π + 0.2 sin (0.8t). In the simulations, the initial
values are set as x1(0) = π/20, x2(0) = π/12,
x3(0) = π, u(0) = 0; the design parameters are se-
lected as k1 = 3, k2 = 3, k3 = 30, ξc1 = 1, ξa1 = 10,
ξc2 = 1, ξa2 = 10, ξc3 = 1, ξa3 = 10. The initial
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values of the updating laws for actor–critic NNs are
selected as Ŵc1(0) = Ŵa1(0) = Ŵc2(0) = Ŵa2(0) =

Ŵc3(0) = Ŵa3(0) = 02000×201, and the width of the
Gaussian kernel function is 8. The simulation time
is t = 20 s.

The simulation results are shown in Figs. 6–9.
Fig. 6 displays the trajectories of the output under
dynamic constraints and the tracking error. Fig. 7
presents the trajectories of x2 and x3 under dynamic
constraints. Fig. 8 exhibits the trajectory of the op-
timal actual control law. The trajectories of weights
of actor–critic NNs are depicted in Fig. 9. As shown
in Figs. 6 and 7, the full-state constraints are never
violated. It can be observed from Figs. 6–9 that all
signals in the closed-loop system are bounded.

The selection of different control parameters in-
evitably leads to different control effects in intelligent
control methods. We demonstrate the effects of dif-
ferent control parameters on the methods studied in
this study through this example to showcase their
comparative performance. We select three types of
control parameters, (k1, k2, k3), (ξa1, ξa2, ξa3), and
(η1, η2, η3), to show their different effects on the
control methods in this study.

Tables 1–3 show the values taken for the three
types of control parameters. The values of the con-
trol parameters that are not listed in each table are
consistent with the values of the control parame-
ters taken in the simulations of Example 2. These
three comparisons are only for the parameters in the
corresponding tables, and the values of the other
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Table 1 Values of control parameters k1, k2, and k3

Control parameter Value Symbol∗

k1, k2, k3 3, 3, 30 M1
k1, k2, k3 2.5, 2.5, 29 M2
k1, k2, k3 2, 2, 28 M3
k1, k2, k3 1.5, 1.5, 27 M4
k1, k2, k3 1, 1, 26 M5

∗ represents each marking of the tracking performance with
the parameters k1, k2, and k3

Table 2 Values of control parameters ξa1, ξa2, and
ξa3

Control parameter Value Symbol∗

ξa1, ξa2, ξa3 10, 10, 10 N1
ξa1, ξa2, ξa3 9.5, 9.5, 9.5 N2
ξa1, ξa2, ξa3 9, 9, 9 N3
ξa1, ξa2, ξa3 8.5, 8.5, 8.5 N4
ξa1, ξa2, ξa3 8, 8, 8 N5

∗ represents each marking of the tracking performance with
the parameters ξa1, ξa2, and ξa3

Table 3 Values of control parameters η1, η2, and η3

Control parameter Value Symbol∗

η1, η2, η3 0.1, 0.1, 0.1 L1
η1, η2, η3 0.2, 0.2, 0.2 L2
η1, η2, η3 0.3, 0.3, 0.3 L3
η1, η2, η3 0.4, 0.4, 0.4 L4
η1, η2, η3 0.01, 0.01, 0.01 L5

∗ represents each marking of the tracking performance with
the parameters η1, η2, and η3

parameters are the same as those in Example 2. In
Table 1, symbol M1 is the mark of the control pa-
rameter value taken in the simulations of Example 2,
and M2–M5 are the marks of the tracking perfor-
mance difference brought about by each change of
k1, k2, and k3. In Table 2, symbol N1 is a marker for
the value of the control parameter taken for the sim-
ulations in Example 2, and N2–N5 are markers for
the tracking performance difference brought about
by each change of ξa1, ξa2, and ξa3. In Table 3,
symbol L1 is a marker for the value of the control
parameter taken for the simulations of Example 2,
and L2–L5 are markers for the difference in tracking
performance brought about by each change of η1, η2,
and η3.

The comparative simulation results are shown
in Figs. 10–12. Fig. 10 shows that the tracking error
becomes smaller as k1, k2, and k3 become larger.
Fig. 11 shows that the tracking error becomes smaller
as ξa1, ξa2, and ξa3 become smaller, and vice versa.
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Fig. 12 shows that the tracking error becomes smaller
as η1, η2, and η3 become larger, and vice versa.

6 Conclusions

In this paper, an ATIBLF-based adaptive op-
timal control scheme for a class of strict-feedback
nonlinear systems with dynamic state constraints
was proposed. Due to the advantage that ATIBLF
can handle state constraints directly, the controller
was designed under the optimal learning algorithm.
Specifically, novel integral barrier optimal perfor-
mance index functions and the actor–critic frame-
work were employed in the controller design. Subse-
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Fig. 12 Tracking errors under different values of pa-
rameters η1, η2, and η3 in Example 2 (References to
color refer to the online version of this figure)

quently, the stability of the closed-loop system was
proven via the Lyapunov stability theorem. Simu-
lation results showed that dynamic state constraints
are not violated, and that all signals of the closed-
loop system remain bounded. Future work will focus
on the adaptive optimal control problems for physi-
cal human–robot interaction systems with dynamic
state constraints.
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